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On the Dynamis of Generalized Coherent States. I.
Exat and Stable Evolution
B.A. Nikolov, D.A. Trifonov
Abstrat. The exat and stable evolutions of generalized oherent states (GCS) for
quantum systems are onsidered by making use of the time-dependent integrals of
motion method and of the Klauder approah to the relationship between quantum
and lassial mehanis. It is shown that one an onstrut for any quantum system
overomplete family of states (OFS), related to the unitary representations of the Lie
group G by means of integral of motion generators, and the possibility of using this
group as a dynamial symmetry group is pointed out. The relation of the OFS with
quantum measurement theory is also established.
1 Introdution
The generalized oherent states (GCS) were introdued in priniple by J. Klauder [1℄ as
an example of his overomplete family of states (OFS), whih realize ontinuous repre-
sentations of Hilbert spae H and are onvenient for the study of the general relationship
between lassial and quantum mehanis. In the seond paper [1℄ an OFS was defined as
|Φ(ℓa)〉 = V (ℓa)|Φ0〉 = exp(ℓa La)|Φ0〉 (1)
where |Φ0〉 is a fixed ("fiduial") vetor in H and V (ℓa) is a unitary irreduible represen-
tation (UIR) in H of a Lie group G, ℓa being the anonial group parameters; and La, the
generators of the representation V (ℓa), a = 1, 2, . . . , r. In Ref. 1 it was noted that states
(1) form automatially an OFS for UIR of ompat groups, but the example that has been
thoroughly examined is onneted with the representation operator
V (q, p) = exp(−iqP + ipQ), [Q,P ] = i, (2)
of the Weyl-Heisenberg group GW , and
|Φ(q, p) = V (q, p)|Φ0〉. (3)
The same OFS was independently studied by Glauber [2℄ in the notations
|α〉 = D(α)|Φ0〉, D(α) = exp(αa
† − α∗a) = V (q, p), (4)
1
where the parameters q and p are, to within a fator, the real and imaginary parts of the
omplex number α, and a, a† are the known lowering and raising operators for the harmoni
osillator
1
. Glauber has alled suh states oherent (CS). The CS (3), (4) (further alled
usual CS or GW -CS) possess a number of remarkable physial and mathematial properties
and later many authors [3-10℄ (see also [11-13℄ and referenes therein) have introdued and
studied more general CS, generalizing different properties of the usual CS but one of the
best generalizations is just the first one, proposed by Klauder by Eq. (1). The (over)
ompleteness of the vetors (1), as it was shown in Ref. 7, holds for any UIR of a Lie group
G. In the same paper [7℄ a fatorization of the OFS (1) over the stationary group K ⊂ G
of the fixed vetor |Φ0〉 was also proposed sine the physial states are defined up to a
onstant phase fator:
Vh|Φ0〉 = e
iα(h)|Φ0〉, h ∈ K ⊂ G, (5)
|Φx〉 = Vs(x)|Φ0〉, x ∈ X = G/K, (6)
where s is a ross-setion in the group fibre bundle (G,X, π) [14℄, i.e., s(x) is a represen-
tative of the oset, x = gK, g ∈ G. Suh fatorized OFS have been alled system of GCS.
We shall use in this paper both terms.
The properties and appliations of CS and GCS are widely disussed in the literature
[1-13℄ so we would not list them here. We shall only eluidate in Se. 2 the geometrial
meaning of GCS as images of ross-setions in fibre bundle (M,X, ρ) assoiated with the
fibre bundle (G,X, π). The relation with the X-measurements in sense of Holevo [15℄ is
pointed out also.
In our paper we disuss two main aspets of the dynamis of GCS  their exat time
evolution and their stable evolution. By stable evolution we mean that the initial GCS,
when evolves in time , remains a GCS of the same type at all times, i.e., the set of GCS is
invariant under time evolution.
The dynamis of the usual CS is ompletely examined [1,5,11,16-21℄. Their exat evo-
lution was expliitly found for quadrati systems [5,20,21℄ and in Ref. 22 a method was
proposed to onstrut usual CS for any system. The stable evolution of CS was onsidered
by several authors [16-19℄. The most general form of the Hamiltonian whih preserves all
CS stable was found at first in Refs. 16,17 and later by other methods in Refs. 18,19.
The main results of the present paper are the following. In Se. 3 we give a method for
onstruting GCS for any Lie group and any quantum system by the realization of repre-
sentation Vg of G in the spae H of solutions of the Shrodinger equation. For this purpose
one may use invariant lowering and raising operators A(t), A†(t) [5,11℄ and express Vg in
terms of them [23-25℄. This method permits one also to onlude that the dynamial sym-
metry group of quantum system may be any group G, whih has UIR in the Hilbert spae
H . Using the suffiient onditions (21), (22) we prove that the N -dimensional osillator
preserves stable CS for any Lie group G, the representations of whih are generated by
the operators aiaj , a
†
ia
†
j (i, j = 1, 2, . . . , N). Some appliations of the developed method
are onsidered in the subsequent paper (see Ref. 26).
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and |Φ0〉 being its ground state |0〉: a|0〉 = 0. (Note, added in the e-print quant-ph/0407260).
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2 GCS and Quantum Measurements
In this setion we briefly onsider the fatorization [7℄ of the OFS (1) and eluidate the
geometrial meaning of GCS defined by Eq. (6) as well as the relation of the systems GCS
with quantum measurement theory [15,27℄.
Let K be stationary subgroup of the vetor |Φ0〉, Vh|Φ0〉 = e
iα(t)|Φ0〉, h ∈ K ⊂ G.
Then it is lear that two vetors |Φg1 and |Φg2 differ from eah other by a phase fator iff
g2 = g1h, i.e., iff g1 and g2 belong to the same oset gK. The state is determined by the
point x ∈ X = G/K. One an onstrut an OFS aording to (1) hoosing a representative
s(x) from every oset gK. The so-obtained OFS fatorized in this manner was alled a
system of GCS [7℄. The funtion s(x) is evidently a ross-setion in the group fibre bundle
(G,X, π), π being the anonial projetion. For a given s(x) every element g ∈ G an be
written as a produt g = s(xg)hg, where xg denotes the oset to whih g belongs. Thus
|Φg〉 = e
iα(hg)|Φxg〉. (7)
The operators of the representation Vg at on |Φx〉 transitively to within a phase fator:
Vg|Φx〉 = VgVs(x)|Φ0〉 = exp(if(g, x))|Φx′ 〉, (8)
where x′ is determined from the equation gs(x′) = s(x′)h(g, h). Introduing the mappings
δ : G×K → G, δ(g, h) ≡ δh(g) = gh and σ : H×K →H , σ(|ψ〉, h) ≡ σh(|ψ〉) = e
iα(h)|ψ〉,
where α(h) is defined by Eq. (4) (H being the set of unit vetors in H ) one an onsider
G and H as K-manifolds. The following diagram
G×K
δ
−−−→ G
Φ×id | | Φ
↓ ↓
H ×K
σ
−−−→ H , Φ : g → |Φg〉
(9)
is ommutative and onsequently the map Φ : G → H is a morphism in the ategory of
K-manifolds [14℄. The set of suh morphisms HomK(G,H) is in one-to-one orrespondene
with the set of ross-setions Φ˜ in the assoiated fibre bundle (M,X, ρ), where M = (H ×
G)/K and ρ : M → X is the anonial projetion: ρ◦γ = π◦pr1 [14℄. Here γ := G×H →M
satisfy the following ondition: γ(g, |ψ〉) = γ(gh, σh(|ψ〉)), h ∈ K. The orrespondene
Φ→ Φ˜ is provided by the ommutative diagram
G
id×Φ
−−−→ G×H
π | | γ
↓ ↓
X
Φ˜
−−−→ M
(10)
From this diagram it is easy to obtain
Φ˜(x) = γ(g, |Φ〉), g ∈ π−1(x). (11)
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Defining γ(g, |ψ〉) = exp(−iα(hg))|ψ〉 we may identify the system of GCS |Φ〉 with the
image of the ross-setion Φ˜.
The most important property of the system GCS is their overompleteness, expressed
by the equation ∫
µ(dx)|Φx〉〈Φx| = 1, (12)
where µ(dx) is an invariant measure on X. Eq. (12) implies that the family of operators
M(∆) =
∫
∆
µ(dx)|Φx〉〈Φx|, ∆ ∈ B(X),
(∆ being a Borel set in X, B - σ-algebra of Borel sets) form a generalized resolution of
identity (or positive operator-valued measure on X) [15℄. Aording to a theorem due to
Davies and Lewis [27℄ there exist at least one measurement E , determined by the formula
tr(E∆(ρ)) = tr(ρM(∆)). (13)
Reall that the measurement E on X is a linear ontinuous map E : B(X)→ Aut(T (H )),
T (H ) being the spae of trae lass operators inH suh that trEX(ρ) = trρ and the positive
one T (H )+ is invariant under E∆, ∆ ∈ B(X) [28℄. Basing on Eq. (13) the (generalized)
resolution of identity M(∆) itself an be referred to as X-measurement [15℄ (Let us note
that the Holevo definition differs from the one given above). Moreover it is lear from the
onstrution that this measurement is ovariant with respet to UIR Vg, i.e. the following
ondition is fulfilled [15℄
V ∗g M(∆)Vg = M(g
−1∆), ∆ ∈ B(X). (14)
If the state of a quantum system is desribed by the density operator ρ, then the
probability distribution of the results of the measurement M(∆) is given by Eq. (13).
The ovariane property (14) permits one to establish a relation between the physial
harateristis of the system and the resolutions of identity in Hilbert spae H .
3 Evolution of GCS
The dynamis of quantum states is determined by the evolution operator St:
St = Texp
(
−
∫ t
0
H(t)dt
)
,
where H(t) is the Hamiltonian of the system. The evolution of an OFS is given by the
relation |Φg; t〉 = St|Φg〉. This diret ation by St on the vetors |Φg〉 may turn to be
diffiult even impossible espeially in the ase of nonstationary Hamiltonians. It is proved
to be more effetive the method of integrals of motion, developed in Refs. 5,11.
If A is an integral of motion then it ommutes with the Shrodinger operator DS =
i∂t−H, [A,DS ] = 0, and thereby one an get new solutions ating by A on a fixed solution
|Φ0; t〉. Thus if the operators of the representation V (ℓa) = Vg(t) are realized as integrals
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of motion, then by means of them one an obtain OFS (1) as solutions of the equation of
motion aording to the formulae
|Φg(t)〉 = Vg(t)|Φ0(t)〉 = exp(ℓa La(t))|Φ0(t)〉
= StVgStg
−1|Φ0〉 = St|Φg〉 = |Φg; t〉. (15)
Here the generators La(t) = StLaS
−1
t are formal solutions of the equation [A,DS ] = 0 and
onsequently are integrals of motion.
Beause of the ompleteness of system of vetors (15) every solution of the Shrodinger
equation may be realized in the arrier spae H of UIR Vg(t). The group with suh a
property is alled dynamial symmetry group of the quantum system. For nonstationary
systems the dynamial symmetry was studied in Refs. 11,29.
Thus if the vetors |Φg〉 = Vg|Φ0〉 form an OFS in Hilbert spae H then the related
group G may serve as a group of dynamial symmetry for any quantum system. This
assertion is in agreement with the results of Refs. 11,29, where it was shown that for N -
dimensional system the nonompat group U(N, 1) a desribe dynamial symmetry. Now
we get from Eq. (15) that the dynamial symmetry an be desribed by any Lie group G,
whih has UIR in H .
In pratial alulations the more effiient way is to solve equation [A,DS ] = 0, looking
for solutions A(t) of some speial form, say linear in generators La. Sine La may be ex-
pressed in terms of lowering and raising boson operators a, a†, it is onvenient to onstrut
first the invariant operators
A = StaS
−1
t , A
† = Sta
†S−1t (16)
and then to use them for onstrution of generators La(t). We follow this way in subsequent
paper [26℄ in onstruting exat time evolution of OFS for some groups and quantum
systems. Here we would like to say that integrals of the form (16) are expliitly onstruted
for any quadrati Hamiltonians [20,21℄ and for some nonquadrati ones [11℄.
Let us turn to the question of stable evolution of OFS. The Klauder ondition St C ⊂ C
(C being the manifold of GCS) may be written more expliitly in the form:
StV (ℓa)|Φ0〉 = St|Φ(ℓa)〉 = |Φ(ℓa(t))〉 = V (ℓa(t))|Φ0〉, (17)
i.e., the whole time-dependene of vetors from OFS is ontained in the group parameters
ℓa(a). It is apparent that Eq. (17) holds for any fixed vetor |Φ0〉 iff St is an operator of
the same representation: St = Vg(t). Moreover, I.A. Malkin has proved the following
Theorem [25℄. Arbitrary system of GCS (1) remains stable under time evolution iff the
Hamiltonian of the quantum system has the form
H = fa(t)La , (18)
where fa(t) are arbitrary funtions.
On the fae of it this theorem ontradits to the well known fat [16-19℄ that the most
general form of the Hamiltonian whih preserves stable the system of usual CS is
H = ω(t)a†a+ F (t)a† + F ∗(t)a+ β(t), (19)
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whih is nonlinear in a, a†. Let us note however that the operators a†a, a, a†, 1 form a
projetive representation of Lie algebra of the two-dimensional Eulidean group E(2) =
T 2 ⊗ SO(2). Then using the relation
exp
(
λa†a+ µa+ ν a†
)
= exp(ua†) exp(z a†a) exp(va) exp(w),
where z, u, v, w depend on the anonial parameters λ, µ, ν, one an see that GCS for
this representation of E(2) and |Φ0〉 = |0〉 oinide with the usual CS. The Hamiltonian
(18), predited by Malkin theorem for E(2), has just the form (19).
Let us now onsider the speial ase when the fiduial vetor |Φ0〉 is stable under the
ation of the evolution operator St:
St|Φ0〉 = |Φ0〉. (20)
Then for the stability of OFS (Vg, |Φ0〉) the evolution operator St ought not be opera-
tor from the representation Vg. St an be an (external) automorphism of the group of
representation operators:
StVgS
−1
t = Vg(t), g = (ℓa). (21)
The OFS (Vg, |Ψ0〉) for whih the onditions (20), (21) are satisfied may be alled su-
perstable relatively to St (or to orresponding Hamiltonian). Another explanation of the
above-mentioned seeming ontradition an be given if one notes that the system of usual
CS is superstable relatively to Hamiltonian (19).
A superstable OFS may be realized also when the generators of the representation are
homogeneous funtions of a, a† and St is the evolution operators orresponding to the
harmoni osillator. Then
exp(ℓaLa(t)) = exp(ℓa(t)La) (22)
whih an be easily proved using the formula [30℄
exp(s a†a)F (a, a†) exp(−sa†a) = F
(
ae−s, a†es
)
. (23)
Obviously this result an be easily extended to the ase of N -dimensional osillator. If Xi
(i = 1, 2, . . . , p+ q) are generators of the lowest (p+ q)-representation of Lie group U(p, q),
then the following Hermitian
2
operators
Li = φ˜Xiφ, φ = (a1, . . . , ap, a
†
p+1, . . . , a
†
p+q)
T
,
φ˜ = (a†1, . . . , a
†
p,−ap+1, . . . ,−ap+q)
(24)
are homogeneous generators of U(p, q).3 Thus we derive that N -dimensional osillator
preserves stable GCS (Vg, |Φn〉) for any Lie group G, the representation Vg being generated
by the orresponding subset of operators (24), and |Φn〉 - any stationary state.
The stable evolution of OFS is orretly determined by the funtions ℓa(t), whih are
solutions of Euler equations for the funtional [1℄
I(f) =
∫
dt (i〈f |d/dt|f〉 − 〈f |H|f〉) (25)
2
"Hermitean"and "Weil"hanged to "Hermitian"and "Weyl". (Note added).
3
This onstrution by means of N = p + q operators a†i , ai was noted by I.T. Todorov, In: Fizika
vysokih energiy i teoria elementarnyh hastits (Kiev, 1967) (Note added).
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whose domain is restrited to the OFS-manifold, i.e., |f〉 = |Φg〉, g = (ℓa(t)). Minimizing
funtional (25) one gets the following equations [1℄ :
(∂aRb − ∂bRa)ℓ˙b = ∂aH, ∂a = ∂/∂ℓa,
H = 〈Φg|H|Φg〉 = H(ℓa), g = (ℓa), a = 1, 2, . . . , r,
R = (1− exp(−ℓaCa))(ℓaCa)
−1v, v = (va),
va = i〈Φ0|La|Φ0〉, (Ca)bd = C
d
ab,
(26)
where Cdab are strutural onstants of the group G. The lassial ation funtional assumes
the form:
I =
∫
(Raℓa −H) . (27)
If the matrix Ωab = ∂aRb − ∂bRa is sympleti, i.e., the 2-form Ω2 = Ωabdℓa ∧ dℓb
is nondegenerate, losed (dΩ2 = 0) and exat (Ω2 = dΩ1), then the lassial system
desribed by Eqs. (26) was studied by R.M. Santilli [31℄ and alled by him Birkhoffian
system, H being the Birkhoffian of the system. It is not diffiult to see that the matrix
Ωab is sympleti iff it is nondegenerate. The group manifold in this ase has sympleti
struture and may be regarded as a lassial phase spae. Involving the matrix Ωab, the
inverse to the matrix Ωab, one an write Eqs. (26) in the form
ℓ˙a = (ℓa,H), a = 1, 2, . . . , r.
where the brakets (,) are defined by
(A,B) = Ωab∂aA∂bB
and apparently are generalization of usual Poisson brakets [31,32℄.
In the ase when Ωab is singular (e.g., for groups with odd dimensions [1℄) the equations
of motion (26) do not determine the solutions ℓa(t) uniquely. Then the dynamis of stable
OFS an be effetively desribed by lassial equations of motion in the quotient spae
X = G/K (K being the stability subgroup of |Φ0〉), whih an be treated as phase spae.
The sympleti struture on X was onstruted 4 by E. Onofri [33℄:
ω = i
(
∂2f/∂zi∂z
∗
j
)
dzi ∧ dz
∗
j , (28)
where zi are (omplex) loal oordinates on X and f = f(z, z
∗) = ln |〈Φ0|Vg|Φ0〉|
−2
is the
so alled Kahler potential. Then on X there exists a Poisson braket
(A,B) = gij
(
∂iA∂
∗
jB − ∂
∗
iA∂jB
)
,
∂iA = ∂A/∂zi, ∂
∗
i A = ∂A/∂z
∗
i ,
(29)
where gij is the matrix inverse to the matrix ||i∂2f/∂zi∂z
∗
j ||. Consequently the equation of
motion for zi = zi(t) has the form
z˙i = (zi,H) = g
ij∂H/∂z∗j ,
4
for semisimple ompat Lie groups. Eq. (28) holds for some nonompat groups as well, in partiular
for GW and SU(1, 1), treated in the subsequent paper [26℄. (Note added in the e-print).
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H being the lassial Hamiltonian (26).
Finally we shall onsider the time evolution of the probability distribution wρ(∆) =
tr(ρM(∆)) when the density operator ρ evolves in time: ρ(t) = StρS
−1
t . Suppose that the
system of GCS that determines the (generalized) resolution of identity M(∆) (Se. 2), is
stable under evolution operator St. Then St = Vg(t) and making use of ovariane property
(14) one immediately derives
wρ(t)(∆) = tr
(
ρM(g−1(t)∆
)
= wρ
(
g−1(t)∆
)
,
i.e. the probability distribution is only translated by means of the group transformation
g−1(t), providing some motion in phase spae X. Thus in this ase too the quantum
evolution is represented as a lassial motion on the manifold X.
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Íèêîëîâ Á.À., Òðèîíîâ Ä.À. E2-81-797
Î äèíàìèêå îáîáùåííûõ êîãåðåíòíûõ ñîñòîÿíèé.
I. Òî÷íàÿ è ñòàáèëüíàÿ ýâîëþöèÿ
Ñ ïîìîùüþ ìåòîäà èíòåãðàëîâ äâèæåíèÿ è ïîäõîäà Êëàóäåðà
ê ñâÿçè êâàíòîâîé è êëàññè÷åñêîé ìåõàíèê ðàññìîòðåíà òî÷íàÿ
è ñòàáèëüíàÿ ýâîëþöèÿ îáîáùåííûõ êîãåðåíòíûõ ñîñòîÿíèé
êâàíòîâûõ ñèñòåì. Ïîêàçàíî, ÷òî ïåðåïîëíåííûå ñèñòåìû
ñîñòîÿíèé êâàíòîâûõ ñèñòåì ìîæíî ñòðîèòü ïóòåì ðåàëèçàöèè
ãåíåðàòîðîâ ïðåäñòàâëåíèé ãðóïïû Ëè êàê èíòåãðàëîâ äâèæåíè
êâàíòîâîé ñèñòåìû. Ñîîòâåòñòâóþùóþ ãðóïïó Ëè, ñâÿçàííóþ ñ
ïåðåïîëíåííîé ñèñòåìîé ñîñòîÿíèé, ìîæíî ðàññìàòðèâàòü êàê
ãðóïïó äèíàìè÷åñêîé ñèììåòðèè èçè÷åñêîé ñèñòåìû. àññìîòðåíà
ñâÿçü îáîáùåííûõ êîãåðåíòíûõ ñîñòîÿíèé ñ êâàíòîâîé òåîðèåé
èçìåðåíèé è ãåîìåòðè÷åñêèé ñìûñë ýòèõ ñîñòîÿíèé.
àáîòà âûïîëíåíà â Ëàáîðàòîðèè òåîðåòè÷åñêîé èçèêè ÎÈßÈ
Ñîîáùåíèå Îáúåäèíåííîãî èíñòèòóòà ÿäåðíûõ èññëåäîâàíèé. Äóáíà 1981.
Nikolov B.A., Trifonov D.A. E2-81-797
On the Dynamis of Generalized Coherent States.
I. Exat and Stable Evolution
The exat and stable evolutions of generalized oherent states (GCS) for
quantum systems are onsidered by making use of the time-dependent
integrals of motion method and of the Klauder approah to the relation-
ship between quantum and lassial mehanis. It is shown that one an
onstrut for any quantum system overomplete family of states (OFS),
related to the unitary representations of the Lie group G by means of
integral of motion generators, and the possibility of using this group as a
dynamial symmetry group is pointed out. The relation of the OFS with
quantum measurement theory is also established.
Communiation of the Joint Institute for Nulear Researh, Dubna 1981.
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